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Relativistie Effects in Aromatic Molecules

Orbit-Orbit Coupling in the Presence of a Magnetic Field
Evaluation of Integrals Involving the Interelectronic Coordinate*

By

Ravea E. CHRISTOFFERSEN** and (. G. HALL

Evaluation of the relativistic correction due to the orbit-orbit operator of the Breit
Hamiltonian has been considered in general, including the presence of a magnetic field. For
conjugated molecules, the change in energy due to this relativistic effect is shown to be expres-
sible in terms of two types of integrals and their derivatives. The interaction results in an inter-
molecular contribution to the diamagnetic susceptibility which, for two parallel benzene rings,
is found to be smaller than the molecular terms by a factor of &2, Several molecular integrals
not previously evaluated were encountered, and their evaluation as asymptotic expansions is
discussed.

Die Berechnung eines relativistischen Termes, nidmliich des Bahn-Bahn-Anteiles des
Breit’schen Hamilton-Operators, ist bei vorhandenem Magnetfeld in allgemeiner Form durch-
gefilhrt worden. Bei konjugierten Molekiilen erscheinen im Ausdruck fiir die zugehérige
Energietinderung zwei Arten von Integralen und ihren Ableitungen. Die Wechselwirkung
liefert einen intermolekularen Beitrag zur diamagnetischen Suszeptibilitidt, der allerdings im
Fall zweier paralleler Benzolringe um den Faktor «? kleiner als die innermolekularen Terme
ist. In diesem Zusammenhang traten einige bisher nicht bendtigte Integrale auf, deren asymp-
totische Entwicklung durchgefiihrt wurde.

Nous avons étudié, en forme générale, la correction relativiste due a l’operateur orbite-
orbite de Breit en présence d'un champ magnétique. Pour les molécules conjuguées, Peffet
énergétique de ce terme peut &tre exprimé par deux types d’intégrales et leurs dérivées. La
contribution intermoléculaire a la susceptibilité diamagnetique est trouvée, pour deux
noyaux paralleles de benzéne, d’étre d’un facteur «? plus petit que les termes moléculaires.
Quelques intégrales moléculaires, incalculées jusque la, ont été évaluées par expansion asymp-
totique.

1. Introduction

It is now well known that the study of relativistic corrections, although often
small in magnitude for systems with low nuclear charges, can offer much new
insight into physical and chemical processes. Although some operators corres-
ponding to relativistic effects have been studied in great detail, such as spin-
orbit and spin-spin operators, there has been no general treatment for another
operator of this type, namely the orbit-orbit operator. This paper gives a general
treatment of matrix elements over this operator, including the presence of a
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magnetic field, and employs mathematical techniques that may be quite useful in
treating other operators of a similar type. Also, this paper considers how the
presence of the magnetic field and orbit-orbit interaction may affect the quantum
mechanical theories [4, 6, 3] concerning diamagnetic susceptibility.

Within a crystal, one of the ways in which the molecules may interact is via
the magnetic field. In particular, the orbital angular momentum of an electron
in one aromatic ring may produce a magnetic field which interacts with the orbital
angular momentum of another electron in a neighboring ring. The next section
deals directly with the nature of this effect, by treating the general evaluation of
matrix elements of the orbit-orbit operator, with special reference to the manner
in which wavefunctions should be chosen when magnetic fields are present. The
third section deals with the specific case of two parallel benzene rings, where the
geometry suggests that the effect might be significant. There are also other
effects from neighbors which are of the same order of magnitude, and a discussion
of these, as well as the orbit-orbit effect, appears in section four. Finally, during
the course of this work, some integrals involving the interelectronic coordinate
arose that have not been evaluated previously, and the method of evaluation and
error analysis are included in the Appendix.

II. General Treatment of Matrix Elements

The interaction of the orbital angular momenta of electrons was considered
first by BrEIT [1], in a relativistic treatment of the Schroedinger equation. When
generalized to IV electrons, the orbit-orbit Hamiltonian in atomic units [10] is
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in which p; is the momentum of the jth electron, « is the fine structure constant
and 7y is the scalar interelectronic distance. In later use, the subscripts j and %
will refer to electrons in different molecules, each molecule containing N/2 elec-
trons.

In the presence of an external magnetic field, the momentum becomes depen-
dent upon the vector potential, i.e., p;= pj + ad; = 1[i (V; + ixd;), where
atomic units are used. Thus, (1) can be rewritten as
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where A; is the vector potential of the jth electron. If the magnetic field H is
uniform, then 4 = % (H x v), where the origin of # is arbitrary, so that the
kinetic energy depends upon the choice of origin, and is not the same around
equivalent nuclei. This can be avoided by the use of basis orbitals which contain
a phase factor. The proper choice of this phase factor has been shown [3] to be
—io A4 g ¥y
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where dg; is the vector potential measured from nucleus §, and ¢z (j) is an atomic
orbital*, independent of Ag;. By the use of (3), we see that

iy TG L (4 — Ay)] s (7) - )

We now consider the general matrix element, Hpg,s., over orbitals of the type
CL){-;, ”1:. e.,

(Vitixdp) wp(j)=e

Hg,s. = [ [ exp {icc [(Ap; — Asj) - v + (Ayx — Aep) - 7]}
of () ¢ (k) S (5, k) @s (§) ps (k) dj, & - {5)

Next, the Pariser-Parr approximation of “zero differential overlap” [7] is employ-
ed, ¢. e., these elements vanish except when § = § and y = e. When this is used in
conjunction with (4), we obtain

Heypy = <ﬁ;->f § o5 () o (k) { ;%; Vs Vi + ix (4j — Agj) - Vi +
+ Vi (A — Ayi)) — o (A; — Ag;) - (Ax — Ayx)] +
+ [ryx - (5 - V) Vi + 2 (v5x - (51 - V) (A — Ayre) +
+ #ix - (v - Vi) (d; — Agj)) —

—%;:“ (v [ (A5 — Ae)) (A — A} 95 ) @, (k) d1y, 1 (6)

First we treat the terms in #j', which are usually called the non-retardation
terms. It can be shown that, for ordinary diamagnetic substances like benzene,
the coefficients of the integrals involving the terms linear in the field vanish**.
Then, by using the general property that

Vigs (1) =—Veos () (7)

and also noting that v = #;— R, which means that 4;— Ag; = 3 (HX Rp),
we may write the contribution of the non-retarded portion as
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(8)
where Rj has components (X, Yg, Z;) and we have assumed that the magnetic
field is directed along the z axis. We note that, in order to evaluate the non-
retardation terms, it is only necessary to be able to calculate the ordinary coulomb
electron repulsion integral.

Next, we consider the retardation terms. As before, the coefficients of the
terms linear in the field will vanish for ordinary diamagnetic substances such as
benzene, and only four terms remain to be considered. By using (7), the two
terms independent of the field, H{, can be written as

HEY = <“7;> VeI 9F G) @b (k) % (Vy-7in) 9 (7) oy (k) dj, 3 - )

* Throughout this paper, greek subscripts will be used to refer to nuclei, and italic sub-
scripts will be used to refer to electrons.
** The proof of this for molecules with doubly occupied orbitals can be seen by an exami-
nation of equation (5.07) in reference [3].
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We now note that V; (1/rjx) = — rjx/rh, and also that
Vi Lps (Irie] = @5 (7) Vi (Arix) + (Urje) Vi @p (5) (10)
which allows (9) to be rewritten as
(FD) o* Vg F 05y o (1 TT ;
Hy? =— =3 Vol o5 ) o () = 95 G) @ (k) dj v, (11)

where the term on the left of (10) has been omitted, since it can be transformed to
a surface integral which vanishes as the surface gets large. Finally, we use the
relation Vg (rjx) = — wjz/rse to rewrite (11) eventually as
P =+ 2NV B[ 93 () #F W) i s () oy () Ay . (12)
By entirely similar procedures the remaining two terms of the retardation
portion can be evaluated, and the general matrix element written as the sum of
Hyg and Hg, ¢. e.,

2 s s 1 .
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+ 1 [V3 V5 — &% (B V) (C-V,)1If F () ¢ (k) 5 95 () @y (k) dy, 2}, (13)
where B = HX Rg,and C= H X R,.

There are several things to be noted about the above result. First of all, the
only approximation that has been made was that of the Pariser-Parr approxima-
tion. Secondly, by transforming the operators before performing the integrations,
instead of attempting to evaluate integrals over complicated operators, a final
expression was obtained which contains only two integrals. The first of these is
the well known electron repulsion integral, which is met in molecular calculations
of almost any kind, and the methods of evaluating it are well known [9]. The
integral which appears in the retardation term is not as well known, and the
techniques for its evaluation have only been given for the simplest case, namely
when all the orbitals are 1s orbitals [2].

III. Application to Two Parallel Benzene Rings

We shall now confine our attention to the special case of the twelve 7 electrons
involved in two parallel benzene rings. It is desired to calculate the perturbation
energy, given by

E:i %j e JPE 2, 2) ()P (L, 2, .., 12) dry L e (14)

=1 &=7
It will be assumed that the total wave function ¥ can be written as the product
Y, (1,2, ...,6) P, (7,8, ..., 12), where the first six electrons are all in the same

ring, and similarly for the last six electrons. This corresponds to the physical
assumption that there is no exchange between electrons in different rings. A
single, normalized Slater determinant will be used for ¥, (similarly for ¥,), i. e.,

P, = (6)7F det (0, (1) B, @) B, BB Dy (5) B, (6)},  (15)
in which @¢, @, and P, are orthonormal molecular orbitals and @, and 5,; are
orthogonal due to the choice of spin factor. In particular, the 4,, which are the
spatial parts of @, and @-ﬂ, are chosen from the set of orthonormal orbitals

1 e iufn B
Z“ﬁﬁﬁﬂexf’{ 3 }“’5' (=0, 1, £2). (16)
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The wg are the field-dependent orbitals given in (3), and the ¢z have been chosen
to be the ordinary Slater-type 2p, orbitals. Strictly speaking, orbitals orthogona-
lized by the Lowdin scheme [5] would be the proper choice for the ¢4, but for the
large internuclear distances that were encountered here, the use of non-ortho-
gonalized orbitals gives essentially equivalent results.

We may now write (14) as

B=(B)rS S ... det {0 (1) Bk @) Pk (3) B (4) DX, (5)B % (6)}
5=1 =7

. det {@ 35(7) P (8) i (9) Dis (10) BH, (1) D5, (12)} # (i, F)
. det {@y; (1) By (2) Py (3)Pyy (4) Dy (5) By (6)} (17)
. det {@y, (7) Dy (8) Dis (9) Pya (10) Dy (11) Dy (12)} ds, .., 10,

where the second subscript of @ refers to the ring number. If we now expand the
determinants in (17), it can easily be shown that the only non-zero terms have the
form

Io,y =128 () 4% (k) A (j, k) A1 () Dy (B) dg, 1 - (18)
Note that none of the exchange integrals that usually arise in molecular calcula-
tions are present, and this is due to the assumption that there is no exchange of
electrons between rings. In particular, the only non-zero contributions to ¥ are
given by

E=4 [J0,0+J0,1+J ,—1+J1,0‘|‘J1,—1+J—1,0 + J—1,+1+J—1,—1+J1,1] . (19)

When the “zero differential overlap” concept is applied to the elements of (19),
we obtain the simple result

E = , .VZ:lIf o (1) @5 (1) (L, 7) g (1) @y (7) dry, = ; ;ﬂ Cpy - (20)

By noting further that all of the diagonal terms in (20) give the same result, and
that Oy = Cj, and Oy = Cpy = Oy, O3 = COgy = Cy;, . . ., ete., we obtain
E=6[Cy+ Cy+ 20+ C)]. (21)
For the evaluation of the terms in (21), the origin has been chosen to be half-
way between the centers of the two rings, and the orientation of the z, y, 2z axes
is shown in Fig. 1.
Next, we consider C,;. If we use Rg_¢= 2.6266 Bohrs ( = 1.390 A) as the
carbon-carbon distance between neighbors in a ring, then
oDy, @

B-vllzXIIsz.V11:~2‘6266HzaY11 a_Dll .

1
But, Dy = [(Xyg— X13)? + (V1o — Y1) + (Zyg — Zy1)?]%, and s0
9Dy _ _ (Tu—Tul _,
oYy Dy
Thus

2
Oy = 5 {[Via* Vi — 6.89903 02 H2] y (Dyy; 2pz, 2p2) +
+ £ V5 Vi 6 (D 292, 2p2)} (22)
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where the two basic integrals are defined as
. 1
7 Degs @ars a2) = I @i (1) 952 (1) Pt (1) ppa (7) oy

0 (Dap; Pars Ppa) = JI @ai (1) @5 (7) 717 @at (1) @2 (7) dy, - (23)
Similarly for Cy,, we see that

2
Cha= T (Vi Vs -+ 6.89903 02 H2)y (Dyy) + & Vi V38 (D], (24)

3 2

Fig. 1. The coordinate system chosen for the case of two parallel benzene rings, The y-axis points out of the paper

where y (D,,) and 6 (D,,) are abbreviations for the integrals in (23). However, the
orbitals must be expressed as linear combinations of their components, e. g.,
Y (D1g) = cos? gy (Dyy; 20z, 2p;) + 2 sin? 0, cos? 0,y (Dyy; 2Pz, 2p2) +
+ sin® 6,y (D1g; 2pa; 2p5) (25)
where the contribution from non-Coulombic integrals has been neglected. The
proof that this term can be omitted is given in the Appendix.

In a similar manner, the contribution from C;, and C,; can be evaluated,
giving

2
Cra= % [(Vi1* Vo — 3.44951 o HY) y (Dy,) +

2 H? o2
S 5or )0 (Dl (26)

+ i (v?l V2, - 35.69744

2
O = 5 [(Vi1" Vg + 344951 &2 H2) y (Dyg)

2 {2 2
! (Vi Vi + 3560744 2 2 ) 5 (Dyy)].-
‘D13 a 'D13
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By substituting the results of (22), (24) and (26) into (21), we can then separate
the terms into two types, those independent of the magnetic field, and those
dependent on H2. The effect on the diamagnetic susceptibility is then obtained
as the second derivative of B with respect to H,, . e.,

2E  3atf
GEE T T2 (27)
where
f= {6.89903) - [ (Dy4) + Y (D13) -V (D) —Y (Dhye)] +
17.84872 - |~ 2 5Dy +— -2 5D 28
+ 17 DL, 4%, (13)+D_§26D§2 (D1a) |- (28)

If we then choose L = 4.811 Bohrs as the distance between the rings, and 3.18
as the orbital exponent of the Slater-type 2p, (and 2p;) orbitals, we then obtain
the result

o2 F
X=~m=+7.0><10_5062. (29)

TV. Discussion

From previous work done on benzene in the absence of orbit-orbit coupling, it
can be seen that, for two isolated benzene rings, the diamagnetic susceptibility is
given by y = — 25.14 &2 [3]. Therefore, the orbit-orbit effect on the susceptibility
due to a parallel nearest neighbor is very small and paramagnetic, and thus will
tend to decrease the total measured diamagnetic susceptibility only slightly.

It is interesting to aks if there is a possible classical analog to the orbit-orbit
effect calculated here. The classical effect which comes closest to this is the change
in energy of two parallel rings carrying currents in a magnetic field due to their
mutual inductance. However, the only way of obtaining a non-zero result for the
energy is either to allow the rings to move, or to vary the magnetic field. But,
both of these possibilities are denied in the quantum mechanical calculations done
here. Thus, it seems that there is no classical analog, and that the orbit-orbit
coupling effect discussed here is strictly a quantum effect.

It should also be noted that the effect calculated here is certainly not the only
effect of the order of magnitude of «® that can be considered. For example, there
are contributions due to the quantum mechanical analogs of the classical effects
mentioned previously, which could be considered either by applying an oscillating
field to the molecules fixed in space, or by allowing the molecules to vibrate in a
constant magnetic field.

Since it has been found here that the orbit-orbit term does not give a significant
contribution to the diamagnetic susceptibility, even under favorable conditions,
it seems that further study of the effects of this order of magnitude on the dia-
magnetic susceptibility is not warranted, for their magnitude will certainly be
far below the accuracy with which present day experiments can measure the
susceptibility. Thus, it seems that, as far as interactions by means of orbit-orbit
coupling (via the magnetic field) is concerned, a consideration of only the isolated
molecules should give perfectly adequate results for diamagnetic susceptibilities,
since the contribution of the nearest neighbors to the susceptibility has been
shown to be smaller than the isolated molecule contribution by a factor of «2.
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However, as a relativistic correction, orbit-orbit coupling may become quite
significant for molecules involving very heavy atoms, for the effect will become
much more pronounced as the nuclear charge is increased.

Appendix

Integral Evaluation. It can be seen from (23) in the text that two types of
integrals arise in this work. The first type has been well studied [9], and analytical
methods are available for its evaluation for all of the Slater-type orbitals involved
here. Since the value of the distance parameter D ( = { R) in these calculations
was 15 or greater, there is no need to employ the analytical methods, but an
asymptotic expansion can be expected to yield entirely equivalent results. The
asymptotic expansions for most of the 9 integrals needed here have been given by
Parr [8]. The only one not given explicitly in that paper can be easily obtained
from the general formula given there, and for completeness, all of the integrals
needed for these calculations are given below in atomic units, and «, § refer to the
two nuclei.

‘\
a 2 — >3 b
Par  FRap Pz

Ya Vs
Fig. 2. The coordinate system chosen for the evaluation of the integrals involving the interelectronic coordinate
explicitly
1 [1 24 864 |
I§2p; (x 1) 2p, (ﬁQ)Zz‘zi)z (0 1) 2p, (B 2) dr1a = CE + i -+ *DT
1 K| 6 432 ]
I§2ps (o 1) 205 (B 2) 712 205 (o0 1) 2pg (6 2) dryy = C 5 ™ F
1 [1 12 324 1
15 2p2 (1) 2p2 (B 2) 7= 2pa (1) 2p2 (B2) dmyy = L| 37 — 37 + |- (A1)
12 L J

The situation with respect to the § integrals was much less satisfactory, since
the analytical formulae for their evaluation have only been given for all 1s orbitals
[2]. Since these integrals also are necessary ingredients of any calculation in
which it is desired to introduce correlation directly into the basis orbitals, it is
essential that the correct behavior of these integrals as a function of D is under-
stood. Thus, the following asymptotic expansions were developed for these
integrals.
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Using the coordinate system shown in Fig. 2, we see that

¥io = Tou1+ Ryp—7pa. (A-2)
Thus

1 1
g = [Pyg 11p]® = [Ros + 72 + 7'22 F 2R, — 2 ¥y 1pa)®
) 1
={1+ (YR [2 Rysvoy—2 75, vp + 121 + T3]}, (A-3)

where the relation #,; = v — R,; has been employed. When R,; is large, the
second term of (A-3) will be much less than 1, and so we may use a binomial
expansion to give
1
719 Rmﬂ {1 + 9 Riﬁ
1
~ 57

+

[2 chﬁ'rcxl —2 rﬂl'rﬁ2 _l_ 7'21 + 7'/5232] -
(2 Rup 11— 21p177g2 + 72 -+ 8l +

m 2 Rup 11— 2 7p1° 752 + 72y + 7"%2]3 -
5

“mm Rupvo1—2wp1wpn + 1y + 15t + ...} (A-4)

Using the real, normalized Slater-type orbitals, defined by
@ (n, I, m) = (2 )i [(2n)1]-12 pn-l e~tr §; 1 (6, @) , (A-5)

where 8, n (6, @) is a real, normalized spherical harmonic, the contributions from
the various terms of (A-4) can be evaluated, using either spherical polar or ellip-
tical coordinates to perform the integration. When all of the terms up to and
including the term in R} are included from (A-4), we obtain the following results
for the various integrals needed in these calculations.

I 2pz (6 1) 2p2 (B 2) 745 2p2 (2 1) 2, (B 2)dry,e

3 159 11,853 5,111,505
ZR“ﬁ{iJFF*ZDT_ 208 128 D¢ } (A-6)
JI 205 (0 1) 2pg (B 2) 715 295 (x 1) 2p2 (B8 2) dry,,
6 24 4401 5,111,505
ZR“ﬂ{lJ“ﬁ_Y)T_ DS 128 IS } (A-7)
I 205 (00 1) 25 (8 2) 119 200 (00 1) 292 (B 2) dy,9
9 21 26,379 3,886,785
ZR“ﬂ{i YY) ¥ ST } ’ (A-8)

where D = { R.4.

It is also possible in the following way to obtain an estimate of the size of the
terms that have been omitted. When R,s becomes large, the quantities (z2; +
+ Yo +2%) and (2} + y5 + 25,) are both spherically symmetric, and the
integral over the product of these should be the same as the integral over the
product 2s® (& 1) 2s% (5 2). The asymptotic expansion for the integral involving
all 2s orbitals is given below

J12s(x1)2s (B 1) ryp 28 (0 1) 28 (B 2) dy

75 2625 4,295,025 }

4 D* s 128 D8 (A-9)
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This is to be compared with

(O[] 207 (x 1) + 2 - 295 (x 1)] 715 (207 (B 2) + 2~ 295 (B 2)] dy
— R ﬁ{ 1 i _ 69.7 2613 _ 4,567,185 }
it D2 4 DA Ds 128 D8
Complete agreement in the terms containing D—* and higher negative powers
of D cannot be expected, since the term in R;° from (A-4), which has been omitted,
contains a component which will contribute to the term in D-% However, an
estimate of the error can be obtained from these differences. Since the error is
likely to be largest in the D% term we can obtain a general error estimate by
consideration of that term alone. When D= 5, the coefficients of D—* in (A-9)
and (A-10) differ by approximately 5.7/4(5)*= .002. Furthermore, this error
estimate is not simply the error of a single integral, but is the error of the weighted
sum of three integrals, without cancellation of errors, since all of the signs are
alike. Thus, it is more realistic to say that the actual error in the D~ term for a
given integral is approximately .0007, for D = 5. This means that these asymp-
totic expansions given above can be used to give integrals with errors less than
19, even when the integrals involve the carbon-carbon bond distance for neigh-
bors in benzene-like molecules, for then D = 8.
Finally, we consider the integral

J1 2Pz (1) 205 (B 2) 715 2p2 (% 1) 2 (B 2) d71,5 -

It can easily be seen by direct calculation that the first non-zero term which
contributes to this integral is from the term in D4, and has amagnitude of 9/(16 D4).
However, since it was estimated above that the error involved in the weighted
sum of the integrals of (A-6), (A-7) and (A-8) was approximately 1.5 D4, it is
clear that this integral is negligible, since its first non-zero contribution, and
presumably the largest contribution, is smaller than the error of the weighted
surn of the three integrals given above.

(A-10)
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